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Abstract 

The paper is devoted to the problem of existence of propagators 
for an abstract hnear non-autonomous evolution Cauchy problem of 
hyperbolic type in separable Banach spaces. The problem is solved 
using the so-called evolution semigroup approach which reduces the 
existence problem for propagators to a perturbation problem of semigroup 
generators. The results are specified to abstract linear non-autonomous 
evolution equations in Hilbert spaces where the assumption is made that 
the domains of the quadratic forms associated with the generators are 
independent of time. Finally, these results are applied to time-dependent 
Schrodinger operators with moving point interactions in ID. 
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1 Introduction and setup of the Problem 

The aim of the present paper is to develop an approach to Cauchy problems for 
linear non-autonomous evolution equations of type 

d 

—u{t) + A{t)u{t) ^ 0, u{s)^UseX, t,sel, (1.1) 

where X is a bounded open interval of R and {A{t)}t^x is a family of closed 
linear operators in the separable Banach space X . Evolution equations of that 
type are called forward evolution equations if s < i, backward if s > t and 
bidirectional evolution equations if s and t are arbitrary. The main question 
concerning the Cauchy problem p.ip is to find a so-called "solution operator" 
or propagator U{t,s) such that u{t) :— U{t^s)us is in some sense a solution of 
p.ip satisfying the initial condition u{s) — Us- 

Usually it is assumed that either {A{t)}t^x or {—A{t)}t^x are families of 
generators of Co-semigroups in X. In order to distinct both cases we call an 
operator A a generator if it generates a Co-semigroup {e*"^}t>o- We call A an 
anti-generator if —A generates a Co-semigroup {e~*^}t>o, i.e., the operator —A 
is the generator of a semigroup. If simultaneously A is an anti-generator and a 
generator, then A is called a group generator. 
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Very often the Cauchy problem (jl.ip is attacked for a suitable dense sub- 
set of initial data Us by solving it directly in the same manner as ordinary 
differential equation, which immediately implies the existence of the propaga- 
tor, see e.g. [13]. For this purpose one assumes that {A{t)}tex is a family of 
anti-generators of Co-semigroups such that they uniformly belong to the class of 
quasi-bounded semigroups G{M, (3), cf. dH Chapter IX]. If {A{t)}t£i is a family 
of anti-generators of class G {M, (3) which are simultaneously anti-generators of 
holomorphic Co-semigroups, then the evolution equation is called of "parabolic" 
type. If it is not holomorphic, then it is called of "hyperbolic" type. In the fol- 
lowing in this paper we are only interested in the "hyperbolic" case. 

There is a rich literature on "hyperbolic" evolution equations problems. The 
first author who discussed these problems was Phillips [37]. A more general 
case was considered by Kato in [191 HQ] and by Mizohata in [29] . These results 
were generalized in the sixties in [HKlSljllllllllSSllIllIIllIl]. Kato has 
improved these results in two important papers [221 EH], where for the first 
time he introduced the assumptions of stability and invariance. In the seventies 
and eighties Kato's result were generalized in [TOl dH HH SHI IS^- For related 
results see also [26] [HI [9] . Recently several new results were obtained in [S] 

[551 dH Uni [IS] . In the following we refer to these results as a "standard 
approach" or "standard methods" . Their common feature is that the propagator 
is constructed by using certain approximations of the family {A{t)}t^x for which 
the corresponding Cauchy problem can be easily solved. After that one has only 
to verify that the obtained sequence of propagators converges to the propagator 
of the original problem. Widely used approximations are a so-called Yosida 
approximation introduced in [52], piecewise constant approximations proposed 
by Kato, cf. [22] [23], as well as a combination of both, see [24] . 

In contrast to the standard methods another approach was developed in 
[m [TT] [311 [32] [33] [34] . It does not rely on any approximation, since it is based 
on the fact that the existence problem for the propagator in question is equivalent 
to an operator extension problem for a suitable defined operator in a vector- 
valued Banach space Lp{T, X) for some p G [1, oo). More precisely, it turns out 
that any forward propagator {U{t, s)}(t_s)gAxi ■— {('•i s) G 2 x J : s < t}, 
(see Definition 12. ip defines a Co-semigroup in LP{1, X) by 

{Uia)f)it):=U{t,t-a)xi{t-a)f{t-a), feLP{I,X), a > 0, (1.2) 

where xi(-) is the characteristic function of the open interval I. Co-semigroups 
in LP{I,X) admitting a forward propagator representation (|1.2p are called for- 
ward evolution semigroups. The anti-generator K of the semigroup {L{{a)}a-eM+, 
i.e. Z^(cr) = e~'^^ , a G M+, is called the forward generator. Our approach is 
based on the important fact that the set of the forward generators can be de- 
scribed explicitly, and that there is a one-to-one correspondence between forward 
propagators and forward generators , see [32] . 

Now, let us assume that the forward propagator {U {t, s)}i^t.s)eAx found by 
the standard approach and that it solves the forward evolution equation (jl.ip in 
some sense. Then it turns out that the forward generator Kj defined by (|1.2p 
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is an extension of the so-called evolution operator Kj given by 

iKjf)it) = Djf + Af, / e dom(Xi) = domiDi) n dom(A) , (1.3) 

in LP(X, X) for some p G [1, oo), where Dj is the anti-generator of the right-shift 
semigroup in Lp{X, X) and A is the multiplication operator in Lp{X, X) induced 
by the family {A{t)}t(zj, see Section 2. 

This remark leads to the main idea of our approach: to solve the evolution 
equation by extending the evolution operator Kj to an anti-generator 

of an (forward) evolution semigroup. Notice that in contrast to the standard 
approach now the focus has moved from the problem to construct a propagator 
to the problem to find a certain operator extension. This so-called "extension 
approach" or "extension method" has a lot of advantages, since it works in a 
very general setting, and it is quite flexible and transparent. The approach 
becomes very simple, if the closure of the evolution operator Kx is already 
an anti-generator, in other words, if Kx is essentially anti-generator. In this 
case one gets the forward generator by closing Kx, see Theorem 12.41 which 
immediately implies the existence of a unique forward propagator for the non- 
autonomous Cauchy problem (jl.ip . Some recent results related to the extension 
method can be find in e.g. [28, 30, 35, 39, 40J. 

Below we exploit this approach extensively and we show how this method 
can be applied to evolution equations of type p.ip . We prove that under the 
stability and invariance assumptions of Kato [HI [53] the evolution operator Kx 
is already an essential anti-generator, which means that its closure Kx is a 
forward generator. 

We apply also the extension method to bidirectional evolution equations of 
the type 

d 

i—u{t) ^ H{t)u{t),u{s) ^Us, s,teR, (1.4) 

on M in Hilbert spaces, where {H{t)}teR is a family of non-negative self-adjoint 
operators. Using the extension method we restore and obtain some generaliza- 
tions of the Kisyhski result [241- Moreover, we show that Kisyhski's propagator 
is in fact the propagator of an auxiliary evolution equation problem closely re- 
lated to (|1.4p . The solution of the auxiliary problem implies a solution for (|1.4|) . 
The uniqueness of the auxiliary solution does not imply, however, uniqueness of 
the original problem (|1.4p , in general. 

The paper is organized as follows. In Section 2 we recall some basic facts 
of the theory of evolution semigroups. Section 3 is devoted to a perturbation 
theorem for generators of these semigroups, which is used then in Section 4 to 
show that the closure Kx of the evolution operator (|1.3p is an anti-generator. 
The results of Section 4 are specified in Section 5 to families {A{t)}t(zR of the 
form A{t) — iH{t) where H{t) are semi-bounded self-adjoint operators with 
time-independent form domains in a Hilbert space. In Section 6, we apply 
these results of Section 5 to Schrodinger operators with time-dependent point 
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interactions of the form: 

1 d 1 d ^ 

^ ' i=i 
as well as to the case of moving point interactions of the form: 

H{t) -— + m{t)Six - Xl{t)) + K2{t)5{t){x ~ X2{t)) 

where the coupling constants Hj{-) are non- negative Lipschitz continuous func- 
tions in i e M and Xj{t) are C^-trajectories in K. These kind of problems were 
the subject of pubUcations [71 [SI [551 li^ liT | H5] . 

2 Evolution generators 

In the following we are interested not only in the forward evolution equations 
but also in the backward ones as well as in the bidirectional evolution equations. 
The interest to theses evolution equations rises from time reversible problems 
in quantum mechanics, which we consider in conclusion of this paper as appli- 
cations. For this purpose we show in Section 2.2 how one has to modified the 
extension approach for backward evolution equations. Moreover, in application 
to quantum mechanics we are concerned with infinite time intervals, in partic- 
ular, with X = M. In order to apply our approach to this situation it is useful 
to localize it in time, this means that instead to consider the Cauchy problem 
on K we consider it on arbitrary finite subintervals of M. In this case, however, 
one has to ensure that propagators for different time intervals are compatible. 

2.1 Forward generators 

We start with the definition of a forward propagator in a separable Banach 
space. 

Definition 2.1 Let X he a separable Banach space. A strongly continuous 
operator-valued function U{-, ■) : Ax — > I3{X) is called a forward propagator 
on Ai = {{t, s) e X X X : s < <}, if 

(i) C/(t, t) = Ix for t G X, 

(ii) U{t, r)U{r, s) = U{t, s) for (i, r, ,s) G X^ s < r < i, 

(iii) \\U\\Bix) := sup(j ^)g^^ ||C/(t,s)||e(x) < oo. 

We call a strongly continuous operator-valued function [/(•, •) defined on 
Ah := {(t, s) € R X M : s < i} a forward propagator, if for any bounded interval 
X the restriction of U{-, ■) to Ax is a forward propagator. 

Another important notion is the so-called evolution operator. To explain 
this notion we introduce the Banach space LP{T,X), p G [l,oo), where AT is a 
separable Banach space. In L^'(X, A) we define the multiplication operator 

(M((/))/)(t) := (/)(t)/(t), dom(Af(0)) -Lf(X,A), G L°°(X). (2.1) 
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Definition 2.2 A linear operator K in L'p{T,X), p E [l,oo), is called an evo- 
lution operator, if 

(i) it satisfies the conditions: 

dom{K) <ZC{I,X), (2.2) 
M{(j))dom{K) C dom{K), cj) G H^-°°{I), (2.3) 

and 

KM{cl>)f-M{cl))Kf = M{^)f, fedom{K), cj,eH^-^{I), (2.4) 
where (j) d(j)/dt, and 

(ii) its domain dom(ii') has a dense cross-section in X , this means that 

[dom(ii')]t -.^ {x e X : 3f e dom{K) such that f{t) = x}, 

is dense in X for each t E T. 

If in addition K is an anti-generator or a generator in LP{T,X), then if is 
called a forward or backward generator, respectively. 

The density of the cross-section is not a trivial condition. However, one 
has to mention that it is important to ensure the continuity of the propagator. 
Notice that if K is an evolution operator, then its domain dom(A') is already 
dense in LP{T, X), 1 < p < oo. 

Further, by virtue of Theorem 4.12, [32 , it turns out that there is a one- 
to-one correspondence between the set of forward propagators and the set of 
forward generators established by (|1.2p . This correspondence plays a crucial 
role in our arguments below. 

Let Sricr) be the right-shift semigroup in L^iX, X), 1 <p < -l-oo, given by 

{Sr{a)f){t):^ f{t-o)xi{t~o), feLP{I,X). (2.5) 
This is a Cp-semigroup of class Q{1, 0). Its generator is given by —Dj, where 

{Dimt) - ^/(t), / e dom{Dj) i/i^^'(I,X), I = {a,b). 

According to our convention the operator Dj is an anti-generator. Here 

77i^f(X,X) := {/ e H^-P{I,X) : /(a) - 0}, 

and H^'P{X, X) is the Sobolev space of AT-valued absolutely continuous functions 
on X with p-sumniable derivative. 

Notice that a family {A{t)}t^x of closed and densely defined linear operators 
is called measurable, if there is a z g C such that z belongs to the resolvent set 
g{A{t)) of A{t) for almost every (a.e.) t G T and for each x E X the function 

f{t):={A{t)-z)-'x, tEl, 
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is strongly measurable. If the family {A(t)}t£i is measurable, then one can 
show that the multiplication operator A, 

{Af)(t):^A{t)f{t), /Gdom(A), (2.6) 
f c TPIT Y\ ■ •/'(^) ^ dom(A(t)) for a.e. < G I, \ „^ 

is densely defined and closed in LP{T,X). 

Instead of solving the Cauchy problem (jl.ip for a suitable set of initial data 
Us we consider the operator 

Kxf := Dxf + Af, / e dom(^i) dom(i?i) n dom(A), (2.8) 

in L'^{I, X), p E [1, oo). If the domain dom(i^i) has a dense cross-section, then 
by the definition above Kj is an evolution operator. This leads naturally to 
following definitions: 

Definition 2.3 Let {A{t)}tei be a measurable family of a closed and densely 
defined linear operators in the separable Banach space X. 

(i) The forward evolution equation (jl.ip is well-posed on X for some p G [1, oo) 
if Kx is an evolution operator. 

(ii) A forward propagator {U{t, s)}(t ^jgAx called a solution of the well-posed 
forward evolution equation (jl.ip on X if the corresponding forward generator 
Kj, cf. p.2p . is an extension of ifj. 

(iii) The well-posed forward evolution equation (jl.ip on 2 has a unique solution 
if Kj admits only one extension which is a forward generator. 

It is quite possible that the forward evolution equation (jl.ip has several solu- 
tions, which means that the evolution operator Kj admits several extensions, 
and each of them is a forward generator. The dense cross-section property of the 
evolution operator is not sufficient to show that the evolution equation admits 
a unique solution. 

In the following the next statement will be important for our reasoning. 

Theorem 2.4 Let {A{t)}ti=x be a measurable family of closed and densely de- 
fined linear operators in the separable Banach space X. Assume that the forward 
evolution equation (jl.ip is well-posed on X for some p € [1, oo). If the evolution 
operator Kj is closable in LP(X,X) and its closure Kj is an anti-generator, 
then the forward evolution equation (jl.ip on X has a unique solution. 

Proof. Since the evolution equation is well-posed, the domain dom(i^x) is 
densely defined in L^iX, X). By assumptions the closure Kx is an anti-generator. 
Hence, it remains to show that the closure Kx satisfies the conditions (j2.2p - (j2.4p . 
It is easy to verify that the closure Kx satisfies the conditions (j2.3p and (j2.4p . 
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dom(A) :— 



To show (|2.2p let us assume that Kj belongs to Q{M,P). By Lemma 2.16 of 
[33] the closure Kx admits the estimate 



\\fmx<—- 

for a.e. t € 2 and ^ > /3. In particular, we have 

ll/Hc(x,x) < ^^_^i_,yJ iKi + Of\\LnT,x), /edom(i?x). (2.9) 

Since Kj has a closure Kx, there is a sequence of elements {/njnGN for any 
/ G dom(isrx) such that /„ G dom(ifi), /„ — > / and Kxfn — > Kxf in the 
LP{X,X) sense when n — > oo. By (|2.9p one gets that {/n}neN is a Cauchy 
sequence in C{I,X). Hence / G C{T,X), that proves (|2.2p . Since dom{Kx) 
has a dense cross-section for each t G I, one gets that its closure Kx has a dense 
cross-section for each t G I. Hence Kx is forward generator. 

Let Kx and Kj be two different extensions of Kx, which are both forward 
generators. Since Kx is the closure of Kx one has Kx C K!^. Since Kx and 
i^j are generators of a Co-semigroup, one gets Kx = K^. Hence the evolution 
equation p.ip is uniquely solvable. □ 



2.2 Backward generators 

In the following we are also interested in so-called backward evolution equation 
(II. t < s, t,s £ 1. Equations of that type require the introduction of the 
notion of backward propagator: 

Definition 2.5 A strongly continuous operator-valued function V{-, •) : Vj 
B{X) is called a backward propagator on Vj :~ {{t, s) £ 2 x 2 : t < s}, if 

(i) V{t, t) = Ix for t £ I, 

(ii) V(t, r)V{r, s) V{t, s) for (i, r, s) G X^, t < r < s, 

(iii) sup(t ^)gvx <oo. 

We call a strongly continuous operator- valued function V{-,-) defined on 
Vu := {(t, s) G M X M : s < i} a backward propagator if for any bounded interval 
T the restriction of V{-, •) to Vj is a backward propagator. 

Similar to forward propagators there is a one-to-one correspondence between 
backward propagators and backward generators given by 

ie''''fm^Vit,t + a)xxit + a)fit + a), f£LP{I,X), d > 0, (2.10) 

p £ [\,oo). With the backward evolution equation we associated the operator 
K^ 

K^f = D^f + Af, f £ dom(X^) dom{D^) n dom(yl), (2.11) 
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where 

(D^/m - ^/W, / e dom{D^) := {/ G hI'P{I,X) : /(fe) = 0} 

is the generator of left-shift semigroup Si{<7) = e'^^ on LP{1, X), that is, 
=/(t + a)xi(t + a), tel, feLP(I,X), a>0. 

Definition 2.6 Let {A{t)}t£x be a measurable family of closed and densely 
defined linear operators in the separable Banach space X. 

(i) The backward evolution equation (jl.ip is well-posed on J for some p G 
[1, oo), if is an evolution operator. 

(ii) A backward propagator s)gVi is called a solution of the well- 
posed backward evolution equation on X if the corresponding backward 
generator , cf. (|2.10p . is an extension of i^-^. 

(iii) The well-posed backward evolution equation on I has a solution if 
Kj admits only one extension which is a backward generator. 

Now, following the same line of reasoning as in Theorem l2.4l we obtain a similar 
statement concerning the backward evolution equation : 

Theorem 2.7 Let {A(t)}ti=i be a measurable family of closed and densely de- 
fined linear operators in the separable Banach space X. Assume that the back- 
ward evolution equation is well-posed on T for some p G [l,oo). // the 
evolution operator is closable in LP{T, X) and its closure is a generator, 
then the backward evolution equation ()l.ip on X has a unique solution. 

2.3 Bidirectional problems 

Crucial for studying bidirectional evolution equations on bounded intervals is 
the following proposition. 

Proposition 2.8 Let s)}(t.s)gAx '^"■'^ {^(^i ■*)}(*. s)eVx back- 

ward propagators which correspond to the for- and backward generators Kj and 
, respectively. The relation 

V{s,t)U{t,s)^U{t,s)V{s,t)^Lx, {t,s)eAi, (2.12) 

holds if and only if for each G H^'°°{T) C] hI'°° (2) the conditions 

M(0)dom(Kx) C dom(i4:^) and M{(j))dom{K^) C dom(ii:j) (2.13) 

and 

K^M{(t))f = KxM{(t))f, /edom(ifi) or / e dom(if^), (2.14) 
are satisfied. 
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Proof. We set 

g{a) := e""" M{<P)e-^^- f , f G (X, X), ^ G H''^{I). 
Taking into account (|1.2p and (|2.10p we find 

{g{<j)m = V{t, t + cj)<ty{t + cj)U{t + a, t)xi{t + cj)xi{t) I {t) . t e I. 
Using (|2.12p we obtain 

{g{a)){t)^c^{t + a)xia,b-a){t)f{t), t&I, 0<a<b-a. (2.15) 

Since 

{g{a) - Mmf = (e-^" - I)M{c^)f + e-^'M(<^)(e--^'- - /)/, (2.16) 
by ([27T51) we get that 

lim i(g(a)-M(0))/ = O, f&LP{I,X). 

Assuming / g dom{Kx) we immediately find from (|2.16p that M{(f))f G 
dom(iir-^) and (|2.13p . Interchanging K''- and Kj we prove M{(t))f £ dom(_ft'i) 
and ([2l4ll . 

Conversely, assuming (|2.13p and (|2.14p we get that the function g{a) is dif- 
ferentiable and 

^gia) = e'^^" (i^^M(0) - M(</>)i^i) e-^^V, > 0. 

By virtue of (|2.4p we find 

-^g(a) = e-^"M(</>)e-^^V, ^ > 

which yields 

e"^^M((/))e-"^/ = Af(0)/ + dr e"^^M(0)e-"^/, (t > 0. 

Therefore, using representations (|1.2p and (|2.10p we obtain 

Vit, t + (j)U{t + a, t)<?!)(t + a)xi{t + fT)/(t) = 

Cl>[t)f{t) + f dT V{t, t + T)U(t + T, t)^{t + T)xi{t + T),f(t) 

Jo 

for t G T and ct > 0. Put s := t + cr. Then we get 

t/(t,s)(7(s,t)0(s)xi(s)/(t) = 

^(t)f{t) +J^dr Vit, r)U{r, t)^(r)xi(r)/(t) 
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for {s,t) E Aj. Let To C X be a closed subinterval such that restriction (p \ 
Xq = 1. If s, f G Xo, then 

Vit,s)Uis,t)f{t) = fit) 

for t E T. Since [dom(iiri)]f is dense in X for each t G X, we prove the first 
part of the equahty (j2.12p . To prove the second part one has to interchange 
generators Kj and isT"^. □ 

Corollary 2.9 Let Kj and , p G [1, oo), be evolution operators in L^iX, X). 
Assume that for each if) G iJ^'°°(X) n H^'°°{2) one has 

M{<j))dom{Ki) C dom(^^) and M{<j))dom{K^) C dom(^x) (2.17) 

and 

K^M{(t))f ^ KxM{(t))f, /Gdom(^i) or fedom{K^). (2.18) 

// the closures Kx and of the evolution operators Kx and exist and 
are (respectively) for- and backward generators, then the corresponding for- and 
backward propagators {?7(i, s)}(f.s)eAx '^"■'^ {^(^i s)eVi verify the relation 

(EH]). 

Proof. Let / G dom(^i). Then from ([218]) and ([231) we get 

k^M{<i>)f = M{4>)Kxf - M{^)f. 

Since Kx is closable, for each / G dom(i^i) there is a sequence {/nlnGN, fn & 
dini(ii:i), such that hm„^oc fn = f and hm„^oo Kxfn = Kxf- Since 

K^M{(b)fn = M{4>)kxfn ~ M{^)f„, n G N, 

we get M{(f))f G doui[K-'') and 

K^M{c^)f = M{c^)Kxf ~ M{^)f 

for / G <loia{Kx)- Using ([23) we prove Af(0)dom(i^i) C dom(i^^) and ([^1^ . 
Similarly, we prove also M {(t))dom{K^) C dom(iiri) and (|2.14p . Then applica- 
tion of Proposition 12.81 completes the proof. □ 
Now it makes sense to introduce the following definition. 

Definition 2.10 A strongly continuous operator-valued function G{-, ) : X x 
X — > is called a bidirectional propagator on X x X if 

(i) G{t, t) = Ix for t G X, 

(ii) G{t, r)G{r, s) = G{t, s) for {t, r, s) G X^, 

(iii) sup(4^^)g2:xjllG'(i,s)||f3(x) < oo. 

A strongly continuous operator-valued function G{-,-) defined on R x M is 
called a bidirectional propagator on R x R, if for any bounded interval X the 
restriction of G{-, .) to X x X is a bidirectional propagator. 
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One can easily verify that if G(-,-) is a bidirectional propagator, then 
U{-,-) := G{-,-) \ Aj and V{-,-) := G(-, •) |" Vj are, respectively, for- and 
backward propagators related by (|2.12p . Conversely, if U{-,-) and V{-,-) are, 
respectively, for- and backward propagators, which are related by (|2.12p . then 



defines a bidirectional propagator. 

Definition 2.11 Let {A{t)}t(zx be a measurable family of closed and densely 
defined linear operators in the separable Banach space X. 

(i) The evolution equation (jl.l[) is well-posed on 2 if the for- and backward 
evolution equations p.ip are well-posed 2 for some p e [1, oo). 

(ii) The bidirectional propagator {G(i, s)}(t <;)gixi is called a solution of the 
bidirectional evolution equation (|1.1[) on I if the for- and backward propagators 



{U{t, s)}(,,,)eA„ U{; •) := G(-, •) f Ai, and {V{t, s)}(,,,)eVz> ^(^ ') •) t 



Vi, are solutions of the for- and backward equations (jl.ip on T. 

(iii) The well-posed evolution equation (|l.ip has a unique solution if the for- 
and backward evolution equation ()1.1|1 has unique solutions. 

Theorem 2.12 Let {A{t)}t£x be a measurable family of closed and densely 
defined linear operators in the separable Banach space X. Assume that the 
bidirectional evolution equation (|l.ip is well-posed on X for some p G [1, oo). // 
the closures Kx and of evolution operators Kx and exist in Lp{I, X) and 
are anti- generators and generators, respectively, then the bidirectional evolution 
equation (jl.ip has a unique solution on X. 

Proof. One easily verifies that the operators Kx and defined by (|2.8p and 
(PUj) satisfy the conditions (PTZ)) . (P?T5)l . Then application of CoroUarv 
completes the proof. □ 

2.4 Problems on M 

Let us consider the forward evolution equation (|l.ip on R. A natural way to 
study this problem is to consider the equation p.ip on bounded open inter- 
vals X C M. In this case one gets a solution {Uxit,s)\(t,s)m. for any bounded 
interval X. Then we have to guarantee that two solutions {C/jj (t, s)}(( s^g^ij^ 
and {^12(^1 'S)}(t,s)eAx2 ' which correspond to different bounded open intervals 
X\ andX2! are compatible, i.e., one has 



for X\ C X2. Below we clarify this compatibility of propagators in terms of 
evolution generators. 




{t, s) € Ai 
{t, s) e Vi 



(2.19) 



UxAt,s) ^Ux,{t,s), (t,s)eAiCA2, 



(2.20) 
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If Xi C X2, then LP(Ti,X) is a subspace of LP{l2,X). Let Qxi denote the 
projection from LP{l2,X) onto the subspace Lp{Ii,X) given by 

{Qijm :-Xi,W/W, f^LP{l2,X). 

Let intervals Xi = (ai,6i) and X2 = (02,^2) be related by 02 < ai < 61 < 62. 
We set X' = (01,62). 

Proposition 2.13 Let Xi = (ai,6i) anrf X2 = (a2,62) &e tw;o hounded intervals 
such that Xi C X2 . Further, let Kx^ and Kx^ be forward generators, respectively, 
in L^iXi, X) and LP(X2, X). The corresponding propagators {Uxi{t, s)}(^t.s)eAxi 
and {Ux2it, s)}^t,s)eAx2 '^'"^ compatible if and only if for any f G LP(X2,X) 
obeying Qx'f G doin(iiri2) one has Qxif G doTii{Kx^) and relation 

Kx.Qx^f ^Qx^Kx.Qx'f. (2.21) 

Proof. We put Kj := Kx^, Uj{t,s) := Ux,, Qj := Qi,, j = 1,2, and Q' := Qx'- 
Assume that the propagators Ui{t,s) and U2{t,s) are compatible. In this case 
one easily verifies that 

e--^igi/ = Qie-'^^^Q7, a > 0, fe 1^(12, X). 

Moreover, by 

-(/ - e-'^^OQi/ = -Qi{I - e-"^^)Q7, <^>0, 
a a 

one gets that Q' f E dom(i4r2) yields Qif E dom(iiri) as well as p.2ip . 
To prove the converse we set 

W{a)f := e-(^-'')^iQie-'"-^=Q7, < a < t. 

If g := Q'f E dom(X2), then g{a) := e-^^^Q'f E dom(i^2) for ct > 0. Since 

g'e'-^=Q7 - e-'^'^^Q'/, fE 1^(12, X), a>0, (2.22) 

we obtain Q'g^a) = Q'er^^^Q'f E doxn{K2), which yields Qie-^'^^Q' f E 
dom(iri). Hence 

-^W{a)f = e-("-")^i (ifiQi - Q1X2) e~"^^g7, < d < r. 
aa 

Applying to this equation the relation (|2.2H) . we obtain daW{a)f — 0, which 
yields 

W{T)f^W{Q)f, r>0, 

or 

Qie-"^^Q7 = e-'^'^iQi/, a > 0, (2.23) 
for all those / E LP{l2,X) that Q7 E dom(if2). 
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Now we notice that the set 

V := {/ e LP{I,X) : Q'f e dom(i^2)} 

is dense in Lp{T, X). Indeed, let </> G H^-°°{l2) such that supp((/>) C P. By ([23]) 
we have M(0)/ e dom(i^2) for / G dom(i^2). By virtue of Q'M{(j))f = M{cj))f, 
we get M(0)doni(iir2) C Vx' ■ Since this holds for any S H^'°°{T2) obeying 
supp((/)) C X', we immediately find that V is a dense in L^iX' , X). 

Hence, the relation (|2.2ip holds for any / g U'{l2,X). This implies the 
compatibility of the propagators C/i(i, s) and C/2(i, s). □ 

Corollary 2.14 Let Kj-^ and Kj^, 1i Q I2, be evolution operators such that 
Qi'f G dom(_ftra2) yields Qj^f G dom(_ftrij) and the relation 

Kx^QiJ = Qi,Kx,Qx,f (2.24) 

holds. If the closures Kj-^ and Kx^ of evolution operators Kx^ and Kx^ exists in 
L^iX^X), p G [l,cx3), and they are forward generators, then the corresponding 
forward propagators are compatible. 

Proof. LetXi = (ai, 61) andX2 = (^2, ^2), C T2. As above we set Kj := Kx^, 
Uj{t,s) := Uxj, Qj := Qx^, j = 1,2, and Q' :^ Qx-, where X' = (01,62), 
see above. Let g :— Q'f G dom(ii'i2). Then there is a sequence {(;„}„gN, 
gn G dom(i^2)j such that gn — *■ g and if25n — > ^23 as n 00. Let </) G 
iJi'°°(2'2) such that supp((^) C l'. By (HJ]) we have M{(j))gn G dom(X2) and 
Q' M{(f))gn = M{(j))gm n G N. Then taking into account (|2.24p we obtain 

K^QiM{cp)g,, = Qiif2Q'M(0)5„, n G N. 

Using (|2.4|) we find 

Qik2Q'M{4>)gn = Q2K2M{^)gn = M{cp)QiK2gn + M(0)Qi5„, n G N, 
which yields 

QiK2Q'M{(j))gn~^QiK2M{^)Q'f as n ^ 00. 
Hence, we obtain 

KiQiM{(j))gn—^QiK2M{q))Q'f as n ^ cjo, 

which proves 

kiQiM{cj))gn — >KiQiM{(j>)f as n ^ 00 

and 

^iQiM((/.)/ = QiK^M{4>)Q'f. 
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Using (|2.4p we also get 

KiQiM{cj))f = M{4>)QiK2Q'f + M{^)QJ (2.25) 

for (j) £ H^'°^{l2) obeying supp((/)) C x' . 
Let us put 

r t& (02, ai] 

(j)s{t) -.^^ I {t-ai)/d te {ai,ai+6) 
[ I t<E[ai+S, 62) 

where ^ > 0. Then by (|2.25p we obtain 

KiQiMi^s)f = Mi^s)QiK2Q'f + ^Mix(aua,+s))Qif (2.26) 
for any S > 0. If .g G LP{T, X) is continuous at t = ai and g{ai) = 0, then 

s - lim ^M(x(ai,ai+5))g = 0. 

Since Q'f is continuous, one has /(ai) = 0. Hence 

s - lim ^M{x(a,.a,+S))Q'f = 0. 

Since s — hm^^o M{(l)s) — Q' , from (|2.26p we obtain that 
lim K^QiMiMf = QiK2Q'f 

d — >0 

and 

lim QiM {<j)s) f ^Qif. 

— *o 

This yields Qif £ dom(i^i) and KiQif = Q1K2Q' f. Applying now Proposi- 
tion [^1121 one completes the proof. □ 

Definition 2.15 Let {A{t)}t£^ be a measurable family of closed and densely 
defined linear operators in the separable Banach space X. 

(i) The forward evolution equation p.ip is well-posed on M for some p G [1, 00) 
if for any bounded open interval X of M the operator Kx is an evolution operator. 

(ii) A forward propagator {U{t, s)}(t,s)eAB is called a solution of the well-posed 
forward evolution equation p.ip on R if {Ux{t,s)}i^t,s)£Ax^ := U{-,-) \ 
Ai, is a solution of the forward evolution equation (jl.ip for any bounded interval 
X of M. 

(iii) The well-posed forward evolution equation (jl.ip on R has a unique solution 
if for any bounded interval ICR the forward evolution equation (jl.ip admits 
a unique solution. 

This definition can be extended [mutatis mutandis) to backward and to bidi- 
rectional evolution equations on R. 
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Theorem 2.16 Let {A{t)}teA be a measurable family of closed and densely 
defined linear operators in the separable Banach space X. Assume that the 
forward evolution equation (jl.ip is well-posed on R for some p € [l,oo). If for 
any bounded open interval X of M. the closure Kx of the evolution operator Kx 
exists in LP(X,X), p G [l,oo), and it is an anti- generator, then the forward 
evolution equation p.ip has a unique solution on K. 

Proof. Let Ti CT2. One can easily verify that the evolution operators Kx^ and 
Kx2, which are given by (12. 8p . satisfy the condition (I2.24|) . Since the operators 
Kxi and Kx2 are closable and their closures are already forward evolution gener- 
ators, one gets from Corollary 1 2 . 1 41 that the corresponding forward propagators 
(they exist and are unique by Theorem 12. 4p are compatible. □ 
Proposition l2.13i CoroUarv 12.151 and Theorem 12. 161 can be generalized {mu- 
tatis mutandis) to backward and bidirectional evolution equations. 

3 Semigroup perturbations 

Theorem 12.41 shows that the problem of the unique solution of the forward or 
backward evolution equation (jl.ip can be transformed to the question: whether 
the evolution operators Kx or is are closable and their closures Kx or K^ are 
anti-generators or generators in LP{I, X) for some p S [1, 00) ? In applications 
{A{t)}ti£x is often a measurable family of anti-generators or generators belonging 
uniformly to the class Q{M,(3), for some constants M and (3. One can easily 
verify that in this case the induced multiplication operator A is an anti-generator 
or generator in LP{I,X). 

This reduces the problem to the following one: Let T and A be anti- 
generators or generators in some Banach space space X, is it possible to find 
conditions ensuring that their operator sum K: 

Kf^Tf + Af, dom(r) ndom(^), (3.1) 

is closable in X and its closure K is an anti-generator or generator ? To prove 
such kind of result we rely on the following theorem. 

Theorem 3.1 Let in X the operators T and A be generators both belonging to 
the class Q{1,0). // dom(T) n dom(A) is dense in X anrf ran(T + A + is dense 
in X for some ^ < 0, then K is closable and its closure K is a generator from 
the class Q{1,0). 

This theorem was originally proved by Kato, see [HJ TheoremIX.2.11], however, 
under the additional assumption that K is closable. This condition was dropped 
by Da Prato and Grisvard in [H Theorem 5.6]. 

In general, the assumption T, A e tj(l, 0) is too restrictive for our purposes. 
So, we modify this assumption. It is known that in general it is possible to find 
in the Banach space X a new norm such that one of the operators: T or A, 
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becomes a generator of the contraction semigroups on X. Indeed, since T is the 
generator of Co semigroup, i.e. T g Q{M,Pt), one has: 



e'^' /ll < Mre'^^'". (3.2) 



Setting 



one immediately gets that 



sup e-'^^" II e"^ J 

o->0 



||K^/||| = e^--supe-^-i-+->||e-^/||. 

cr>0 

This observation shows that in the Banach space X endowed with the norm 
III • III the semigroup {e'^^Ja belongs to the class G{^,(3t) of quasi-contractive 
semigroups. Since 

11/11 < Ill/Ill <Mt||/||, 

the norm ||| • ||| is equivalent to || • ||. The same reasoning can be applied to the 
semigroup {e'^^}„, but in general it is impossible to find an equivalent norm 
such that both semigroups become quasi-contractive. 

Definition 3.2 Let T and A be generators of Co-semigroups e"^ and e""^ in 
X. The pair {T, A\ is called renormalizable with constants (Sa and (3t if for any 
sequences {Tk}^^^ Tk > 0, and {(Tk}^=i, Ok > 0, n e N, one has 

sup e-'^^^"'-e-''^^"^||e"i^e"i^---e""^e""^/|| <oo (3.3) 

Tl > 0, . . . , T„ > 
fTl > 0, . . . , fT„ > 

n e N 

for each / G X. In an obvious manner the definition carries over to pairs {T, A} 
of anti-generators. 

Remark 3.3 In the following we formulate the statements in terms of pairs of 
generators. However, it is easily to see that these statements remain true for 
pairs of anti-generators. 

Lemma 3.4 (Lemma 5.1, [34]) LetT and A he generators of Co-semigroups 
in X. There is an equivalent norm ||| - ||| on X and such that T € G{1,(3t) cind 
A E Gi^, Pa) if and only if the pair {T, A} is renormalizable with constants /3t 
and Pa ■ 

Proof. Let the pair {T, A} be renormalizable with constants (3t and /3a ■ On 
the space X we define a norm by 

sup e-''-^^'=e"^-*^"M|e"'^e^'^---e""^e'^"^/|| . 

n > 0, . . . , r„ > 
CTl > 0, . . . , o-„ > 

n e N 
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Obviously, we have < |||/|||, f £ SC. On the other hand, by the uniform 
boundedness principle, see e.g. [21, Theorem 1.1.29], we find that the value of 

M sup e-'^^^^^e-''-*^'^'=||e^i^e'^i'^---e^"^e'^"^/|| 

Ti > 0, . . . , r„ > 

CTi > 0, . . . , (In > 

neN, 11/11 < 1 

is finite, which yields |||/||| < A/||/||, f E X. Hence, the norms || • || and ||| • ||| 
are equivalent. Moreover, it turns out that T £ Q{M,I3t) and A £ Q{M,i3a)- 
Furthermore, a straightforward computation shows that 

|||e"^/||| <e^-nil/lll, /e^, 
|||e'^^/|||<e''-'^|||/|||, /ex. 

Therefore, in the Banach space {X, ||| • |||} the generators T and A belong, 
respectively, to C/(1,/3t) and Q{1,Pa)- 

Conversely, if there is an equivalent norm ||| • ||| in the Banach space X such 
that T e Q{1,(3t) and A e Q{1, (Sa), then a straightforward computation yields 
(j3.3p . i.e., the pair {T,A} is renormalizable with constants Pt and Pa- D 

Definition 3.5 Let 2) be a Banach space which is densely and continuously 
embedded into the Banach space X, i.e. 2) ^ X, and let the operator T be 
the generator of a Co-semigroup in X. The Banach space 2) is called admissible 
with respect to T, if the space 2} is invariant with respect to the semigroup 
e'^'^, i.e. 

e"^?) C 2), cr > 0, 
and restriction e°''^ := e"^"^ \ Tl, cr > 0, is a Co-semigroup on 2). 

If J : 2) — > X is the embedding operator of 2) into X, then we get 

e''^Jf = Je-^f, /e2), 

which yields 

TJf = jf /, / e dom(f ). 

Lemma 3.6 LetT and A be generators of Co-semigroups of class Q{1,0) in the 
Banach space 2). // either dom(T*) or dom(A*) are dense in 2)*; then for any 
^ < one gets the inequality: 

mgh' <\\T*9 + A*g + ^g\\y,, g e dom(f *) n dom(l*). (3.4) 

Proof. Let dom(A*) be dense in 2)*. We define 

Ac -.^ A{I + aAy^ , a<0. 
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Since A £ Q{1, 0) we have Aa E ^(1, 0) for a < 0. Further, we set 

:= f / + 1,/, / e dom(A') dom(f ), a<0. 

Since f e ^^(1,0) and Aa £ G{1,0) we find that Ka e ^^(1,0), a < 0. This 
yields the estimate 

< ^II/IIS), feV, a<0, ^<0. 

Hence, we obtain 



or 



mgh' <\\iK+09h', e dom(if:) = dom(T*), «<0, ^<0. 

(3.5) 

Note that 

K:g^f*g + Alg, 5 G dom(f *), a < 0, $ < 0. 
Now, since doni(A*) is dense in 2)*: we get 

s - \im{I + aA*y^ = I, a < 0, 

which yields 

lim K*g = f*g + A*g, a < 0, 

for g G dom(r*) n dom(y4*). Then in the limit a ^ the inequality (|3.5p gives 
(1331). 

The proof is similar, if one supposes that dom(r*) is dense in 2)*- O 

Corollary 3.7 Let T and A he generators of Co-semigroups of class t/(l,0) on 
X. Further, let ^ ^ X be admissible with respect to T, A and let the operator 
A be such that 

2} C dom(A). (3.6) 

Assume that the induced generators T and A are of the class Q{\, 0). //dom(yl*) 
is dense in X* , then 

\£.\\\9\W <\\T*9 + A*g + £,g\\^,, 5 e dom(f *) n J*X*, (3.7) 

for ^ < where J : 2) > X is the embedding operator. 

Proof. By condition ([211) we get that dom(A*) D J*X*. Let g G dom(f *) n 
J*X*. Then there is h e X* such that g = J*h. Hence 

K^J*h = f*J*h + A*J*{I + aA*)~^h, a<0. 
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By condition (|3.6p the operator B := AJ : 2) — > X is bounded. This yields the 
representation 

K^J*h = fj*h + B*{I + aA*y^h. 
Since dom(A*) is dense in X* we have s — limQ,^o(^ + aA*)^^ — I. Hence 

lim k^J*g = fj*h + B*h = f*g + A*g. 

a—>-0 

Using (1331) we get ^1}. □ 

Theorem 3.8 (Theorem 5.5, [34]) Let {T,A} be a renormalizable pair of 
generators of Co-semigroups on X. Further, let the Banach space 2) ^ X 6e 
admissible with respect to operators T and A. Assume that A satisfies condition 
(|3.6p and that the pair {T, ^4} is renormalizable. If either one of the domains 
dom(T*), dom(A*) is dense in'2)*, or dom.{ A*) is dense in X* , then the closure 
Kofk,^ 

Kf := Tf + Af, dom(Xi) = dom(r) n dom(^), 

exists and K is the generator of a Co-semigroup. 

Proof. Since the pairs {T, A} and {T, A} are renormahzable we can assume 
without lost of generality that T,A e tJ(l,0) as weh as f, A e g{l,0). It is 
obvious that 

TJf = jff, f e dom(f), 

and 

AJf ^ JAf, dom(l). 

By condition l|3.6p we get that J*X* C dom(^*). Since dom(T) is dense in 2) 
and 2) is densely embedded in X, we get that the operator K is densely defined. 
In particular, we have ^ 

J dom(f ) C dom{K). 

Let g e dom(^*) C X*. Then we have 



KJf,gj = {TJf,g) + {Bf,g) = + {f,B*g) 

for / £ dom(r). Hence 

[ff, J*g) = (/, B*g) - (^f, J*k*g) , f G dom(f ), 

which yields J*dom(^*) C dom(f *). Since J*X* C dom(A*) we obtain 

J*dom(^*) C dom(f *) n dom(A*). (3.8) 

Now, assume that iai\{K + ^) is not dense in X for some f < 0. In this case 
there is a 3 G X* such that 



+ -0, /edom(i^). 
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Hence g e dom(^*) and {K* + S,)g = 0. By we obtain 

J*g e dom(f *) n dom(A*). 

If either dom(r*) or dom(yl*) is dense in 2)*, then by Lemma lHTBl we get J*g — 0, 
which yields g = 0- If doni(j4*) is dense in X*, then we apply Corollary 13. 71 and 
find also J*g = 0, which yields 5 = 0. Hence, the range ran(i<r + ^) is dense in 
X. We note that by virtue of T, A G 0{1, 0) the operator K is closable. Indeed, 
one has the estimate 

mf\\<\\Kf + if\\, /edom(X), e<0, 

which yields the existence of the closure K. Applying now Theorem IX. 2. 11 of 
[5T] one completes the proof. □ 

Remark 3.9 Under the assumptions of Theorem 13 . 81 one can easily verify that 
the set D :— Jdom(T) C X is a core of K, i.e., the closure of the restriction 
K \ £> coincides with K. This follows from the observation that in fact we have 
proved the density of the set {K + ^)S), f < 0, in the space X. 

Taking into account Theorem l3 . 81 and [47] one immediately obtains the following 
corollary. 

Corollary 3.10 Let the assumptions of Theorem \3.8\ be satisfied. If either one 
of the domains dom(T*), dom(j4*) is dense in 2)*, or dom(j4*) is dense in X*, 
then the Trotter product formula 

s- lim fe-^/"e'^^/"y' = e"^ 

holds uniformly m cr G [0, ao], for any co > 0. 

4 Solutions of evolution equations 

4.1 Solutions of forward evolution equations 

Let {A{t)}tei be a measurable family of anti-generators of class G{M, f3), in the 
separable Banach space X. By A we denote the multiplication operator induced 
by (HU and in the Banach space X = Lp{I,X), 1 < p < oo. Notice that 
A is an anti-generator of a Co-semigroup on X = LP{T, X) of class G{M, 0). 

Definition 4.1 ([22, 23j) Let {A{t)}tei be a measurable family of anti- 
generators of Co-semigroups in the separable Banach space X. The family 
is called forward stable, if there are constants M > and /3 > such that the 
estimate 

||g-<TiA(ti)g-a2A(t2) ...g-<T,.A(t„)|j^^^^ < j^j^PT.l^i'yk 

holds for each sequences {(Jk]^^i, Ck > 0, and a.e. (ii, i2, . . . , i„) £ A„ := 
{(ii, i2, . . . , tn) G M" : a < t„ < t„_i < • • • < < 6} with respect of the 
]R."-Lebesgue measure. 
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It is clear that if {A{t)}t(zx is forward stable, then the anti-generators A{t) 
belong to g{M, (i) for a.e. t e X. 

Lemma 4.2 (Lemma 5.9, [34]) Let {A{t)} tei be a measurable family of anti- 
generators of Co-semigroups in the separable Banach space X. The pair of anti- 
generators {Dj, A} is renormalizable on X = L^iT, X), 1 < p < oo, if and only 
if the family of anti-generators {A{ty\tei ^•s forward stable. 

Definition 4.3 Let {A(ty}t&j be a measurable family of anti-generators (gen- 
erators) of class Q{M,(3) in the separable Banach space X. Further, let Y be 
a separable Banach space which is densely and continuously embedded into X. 
The Banach space Y is called admissible with respect to the family {A{t)}tei 
if: 

(i) for a.e. t E T, the Banach space Y is admissible with respect to A{t), 

(ii) there are constants M and /? such that the anti-generators (generators) 
{A{t)}tex of the induced semigroups belong to Q{M, f3) for a.e. t 

(iii) the family {A{t)}t(zj is measurable in Y. 

We note that the condition (iii) in Definition 14.31 is redundant if X* is densely 
embedded into the Banach space Y*. 

Lemma 4.4 (Lemma 5.11, |34] ) Let {A{t)}t£i be a measurable family of 
anti- generators in the separable Banach space X belonging to Q {M, (3) and let 
the separable Banach space Y be densely and continuously embedded into X. 
The Banach space 2) = L'p{X^Y), 1 <p < oo, is admissible with respect to the 
anti-generator A if and only if the family {A(t)}t^x is admissible with respect 
to Y. 

Summing up all those properties it is useful for further purposes to introduce 
the following definition: 

Definition 4.5 Let {A(t)]t!^i be a measurable family of anti-generators in the 
separable Banach space X. Further, let y be a separable Banach space which 
is densely and continuously embedded into X. We say the family {yl(t)}tgx 
satisfies the forward Koto condition if : 

(i) {A(ty\tei is forward stable in X, 

(ii) the Banach space Y is admissible with respect to the family {74(t)}tgi, 

(iii) the induced family \^A(ty\i^x is forward stable in F, 

(iv) Y C dom(A(<)) holds for a.e. t G X, 

(v) A(.) eL°°(x,B(y,x)). 

In the following we use a so-called Radon-Nikodym property of certain Banach 
spaces, see e.g. [8]. 

We recall that a scalar- valued measure /i(-) defined on the Borel sets of 
M satisfies the Radon-Nikodym property if, for instance, its continuity with 
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respect to the Lebesgue measure implies the existence of a locally summable 
function /(•) such that fi{6) = Jg f{x)dx for any bounded Borel set 5 C R. In 
general, this property does not extend to measures taking their values in Banach 
spaces. However, there are classes of Banach spaces where this Radon-Nikodym 
property still holds. For example, dual spaces of separable Banach spaces admit 
this property if and only if they are itself separable. This, in particular, yields 
that the dual Banach space F)*, 1 < p < oo, is isometric to L'^{T,Y*), 

i + i = 1. 

p q 

Theorem 4.6 Let {A{t)}t<£x be a measurable family of anti- generators in a 
separable Banach space X. Further, let Y be a separable Banach space which 
is densely and continuously embedded into X. If {A(t)}ti=x obeys the forward 
Kato condition and if, in addition, one of the following conditions : 

{Ai) Y* satisfies the Radon-Nikodym property, 

{A2) doin(A*(t)) is dense in Y* for a.e. < G 2, 

(A^) dom(yl.(t)*) is dense in X* for a.e. i G X 

holds, then the forward evolution equation is well-posed on X for some 

p G (1,00) and has a unique solution. 

Proof. By Lemma 14.21 the pair {Dx, A} of anti-generators is renormalizable. 
Further, let us consider the Banach space 2) = F), 1 < p < 00. Since Y 

is densely and continuously embedded into X the Banach space 2) is densely 
and continuously embedded in X = U'{I,X). Since the family {A{t)}te'i is 
admissible with respect to Y , the operator A is admissible with 2), cf. Lemma 
14.41 Then from conditions (iv) and (v) of Definition 14.51 we find that 2) C 
dom(A). 

Let (see [Ai)) Y* satisfy the Radon-Nikodym property. Then 2)* = 
LP{I,Y)* = L«(X,r*), l/p+ l/q = 1, which yields that dom(I)*) is dense 
in 2)*- Applying Theorem 13.81 we immediately get that Kx is closable and its 
closure K generates a Co-semigroup. Taking into account Theorem 12.41 and 
Theorem 13.81 we complete the proof of the Theorem under condition {Ai). 

If Y does not satisfy the Radon-Nikodym property, then the dual space 2}* 
can be identified with a space L'^iX, Y*), ci. [2]. The space L'^il, Y*) consists 
of equivalence classes [g] of ?ii*-measurable functions g{-) : I — > Y* such that 

/o^llffWIly* dt < 00. Two functions gi{-) : I — > Y* and 52(0 ■ 1 — ^ Y* 
are called equivalent, if < x,g\(t) >=< x,g2{t) > holds for a.e. t G I for each 
X GY. Recall that a function g{-) : X — > Y* is w* -measurable, if < x,g{-) > is 
measurable for each x (1 Y. By a straightforward computation we obtain that 
{aA* -\- (,)~^, ^ > /3, a > 0, admits the representation 

[{aA*+0-'9){t) = iaAitr+0-'9{t), geLl{I,Y*). (4.1) 

Hence, 



dt. 

Y' 
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Note that for a.e. t e2 we have the estimate: 



CiaAity+O-'git) 



< 



which yields 



< < 1 



for a.e. t ^ I. Since the domain Aom{A{t)*) is dense in Y* for a.e. t G I, by 

assumption {A2) we get 



Urn 



ao^A{tr+0-'g{t)~9{t) 







for a.e. i G I. Hence, by the Lebesgue dominated convergence theorem we 
obtain 



hm 

Q— >0 



(^(al*+0-\9-.9) 



0: 



which shows that dom(y4*) is dense in 2)*- Taking into accomit Theorem 12.41 
and Theorem 13.81 we again conclude that the forward evolution equation (jl.ip 
is well-posed and uniquely solvable. 

Finally, by the same reasoning we obtain that under the assumption (A3) 
the domain dom(A*) is dense in X*. Applying again Theorem 12.41 and Theorem 
we deduce that the evolution equation is well-posed and uniquely solvable. 

□ 

Notice that using (|2.5p we get the following representation: 



((<-' 



— CT Dx/n^ — a A/n) 



f) it) - 

A(t-(j/n)/ng-(j A{t-2a/n)/n , ^ ^ ^-a A{t-a)/n^^^^ _ (j)J(^ _ ^) 

for a.e. t ^ T and cr > 0. 



Corollary 4.7 If the assumptions of Theorem \4-6\ are satisfied, then the prop- 
agator can be approximated as follows: 



lim 



b-a 



A(s 



ds = 



for each x Cz X and < a < b — a, 1 < p < 00. 



4.2 Backward and bidirectional evolution equations 

To solve the backward evolution equation (jl.ip we assume that {A{t)}t£j is 
a measurable family of generators of Co-semigroups of the class G {M, (}) . We 
note that the multiplication operator defined by (|2.6|) and (|2.7[) generates a 
Co-semigroup of class Q{M,(3). 
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Definition 4.8 Let {A{t)}t£i be a measurable family of generators of class 
G{M, /3) in a separable Banach space X. The family {A{t)}t^x is called backward 
stable if 

is valid for each sequence {crk}k=n o'fc > and a.e. t G V„ := {(ti, ■ ■ ■ ,tn) S 
K" : a < ti < ^2 < • • ■ < t„ < 5}. 

Then Lemma 14.21 admits the following analogon. 

Lemma 4.9 Let {A{t)}t£i be a measurable family of semigroup generators in 
the separable Banach space X, which is supposed to belong to G{M,f3). Then 
the pair {D^ , A} is renormalizable on X — LP{T, X), 1 < p < oo, if and only if 
the family of generators {A{t)}t<=i is backward stable. 

Proof. Let J = (a, 5). We introduce the isometry O : Lp{I,X) — > Lp{I,X), 
defined by 

{I5f){t)^f{a + b-t), tel, fedom{U):=LP{I,X). (4.2) 

Notice that ~ I which yields 15^^ = O. A straightforward computation 
shows that U^^D^U = 13D^U ^ -Dj. Introducing the family 

A'{t) := -A{a + b-t), tel, 

and the multiplication operator A' in LP{T,X) we get that 15^^ AU = UA13 = 
A'. Hence, U-^{D^,A}U = 13{D^,A}U = {-Di,-A'}. Thus, the generator 
pair {D-^ , A} is renormalizable if and only if the corresponding anti-generator 
pair {Dx,A'} is renormalizable. From Lemma [4.21 we obtain that {Dx,A'} is 
renormalizable if and only if the family {A'{t)}t^x is forward stable. On the 
other hand, {A'{t)}tex is forward stable if and only if {A{t)}t£x is backward 
stable, that finishes the proof. □ 

Definition 4.10 Let {A{t)}t£x be a measurable family of generators on the 
separable Banach space X and let F be a separable Banach space which is 
densely and continuously embedded into X. We say the family {A{t)}tex sat- 
isfies the backward Kato condition if: 

(i) {A{t)}t^x is backward stable in X, 

(ii) the Banach space Y is admissible with respect to the family {A{t)}t^x, 

(iii) the induced family {A{t)}tei (see Definition 14. 3p is backward stable in Y, 

and, in addition, we assume that conditions (iv) and (v) of Definition 14.51 are 
valid. 

Then, applying Theorem 13.81 we immediately obtain the following statement: 
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Theorem 4.11 Let {A{t)}t^x be a measurable family of generators in the sep- 
arable Banach space X. Further, let Y be a separable Banach space which is 
densely and continuously embedded into X. If {A{t)}t£x obeys the backward 
Kato condition and if in addition one of the conditions [Ai)-{A3) holds, then 
the backward evolution equation is well-posed on X for some p G (l,cx)) 

and has a unique solution. 

Corollary 4.12 If the assumptions of Theorem \4-.ll\ are satisfied, then for each 
X Cz X we obtain approximation of the propagator in the form: 



lim 



f ^(^-^^^e^ ^(-^-) . . . ^(^^x - U{s - a, s)x 



for each x ^ X and < a < b — a, 1 < p < oo. 



ds = 



The proofs of the Theorem 14 . 1 1 1 and CoroUarv l4. 1 21 foUow directly from Theorem 
and Corollary 14. 71 by using transformation 



Theorem 4.13 Let {A{t)}t£x be a measurable family of group generators in 
the separable Banach space X and let Y be a separable Banach space, which is 
densely and continuously embedded into X . If the family {A(t)}ti=x obeys the 
forward and backward Kato conditions and if one of the conditions (Ai)-(A3) 
holds, then the bidirectional evolution equation ()l.ip is well-posed on 2 for some 
p € (IjCxd) and has a unique solution. 

The proof follows directly from Theorem 12. 121 Theorem [46] and Theorem |4TTJ 
Finally, let us consider bidirectional eyolution equations (|l.ip on R. 

Theorem 4.14 Let {A{t)}t£M be a measurable family of group generators in the 
separable Banach space X. Further, let Y be a separable Banach space which 
is densely and continuously embedded into X . If for any bounded open interval 
ofR the family {A{t)}t£x obeys the forward and backward Kato conditions and 
if one of the conditions {Ai)-{A3) holds, then the bidirectional equation (|1.1|) is 
well-posed on R for some p £ (l, oo) and admits a unique solution. 

The proof follows from a bidirectional modification of Theorem 12.161 and from 
Theorem 14.131 



5 Evolution equations in Hilbert spaces 

Our next aim is to apply the aboye results to eyolution equations for families 
of semi-bounded self-adjoint operators {i?(i)}tgR with time independent form- 
domains. 

This case was studied by Kisyhski in [24]. The main Theorem 8.1 of [24] 
states that if for all elements of the form-domain, the corresponding closed 
quadratic form is continuously differentiable for t e R, then one can associated 
with the bidirectional eyolution equation 

1 d 

- —u{t) + H{t)u{t) ^ 0, u{s)=Us, s,teR, (5.1) 
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a unique propagator which is called the solution of (|5.ip . In the present section 
we elucidate and improve this result. 



5.1 Preliminaries 

Let {H{t)}t£R be a family of non-negative self-adjoint operators in a separable 
Hilbert space Sj. In the following we consider the non- autonomous Cauchy 
problem p.4p . As above we assume that the family of operators {H{t)}t(zM is 
measurable. As in [24] we assume also that 

£1+ = dom(i7(i)i/2) g ^ g 

which means that the domain dom(iJ(t)^/^) is independent of f e M. Introduc- 
ing the scalar products 



one defines a family of Hilbert spaces {Sj^}t£R, which is densely and contin- 
uously embedded, Sjf' ^ ^, into Sj. The corresponding vector norm is de- 
noted by II • \\^ . The natural embedding operator of Sjf into is denoted by 

By the closed graph principle it follows that for each t, s € M the constants 



c{t,s) ■.^\\{H{t) + iy/^{H{.s) + ir'r^ 

are finite. Obviously, we have 

11/11+ <c(t,s)||/||+, /GD, t,se 

which yields the estimates: 
1 



c{t, s 



■11/11^ < ||.f||^<c(s,t)||/|| + , /GD, t,seR. (5.2) 



This means that the norms || • ||+ are mutually equivalent. 

We note that for each t gM. the Hilbert space Sjf is admissible with respect to 
H{t). The corresponding induced group (see Definition [321) is denoted by U^{a) 
and is unitary. Its generator is denoted by 7? """(i), i.e. U^{a) = e"*'^^^'^*'. Using 
the embedding operator J+ one gets that 

Ut{<7)J+f^J+U+{a)f, fe^t, aeR. t G M, (5.3) 

Notice that 

H+{t)f = H{t)f, / e dom{H+{t)) := {/ e dom{H{t)) : H{t)f G Sjf}, 
which gives 

dom(F+(i)) = dom(iJ(t)3/2). 
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The dual space with respect to the scalar product (•, •) is denoted by . We 
note that 

The dual space can be obtained as the completion of the Hilbert space with 
respect to the norm 

\\f\\^:=\\iHit)+I)-'/\fl /ef,. 
Then from (|5.2p we get 

^ll/llr < ll/ll; <c(i,5)ii/iir, /ei^, t,seR, 

c(s,<) 

which shows that the set D~ := Sj^ is independent of t and the norms || • ||^, 
t S M, are mutually equivalent. The natural embedding operator of ^ into S)^ 
is denoted by : — > S)^ . Obviously, we have 

J- ^ (J+)* and Jf+ = (J^)*, t e M. (5.4) 

The group Ut {a) , ct G R, i G M, admits a unitary extension to the Hilbert space 
i5t~j which we denote by Uf{a), a E M., t E M.. The generator of this group is 
, i.e. Uf{a) = e~'^"'^* , cr e M, < G M, and its domain is given by 

dom(iJ-(t)) = dom(ff(t)i/2) ^ D+. (5.5) 

One can verify that the Hilbert space Sj is admissible with respect to , i G M. 
The corresponding unitary group coincides with Ut{cT). One also has 

Ut-ia)Jt-f^JiUt{a)f, /Gi3, a G M, t G M, (5.6) 

and 

dom(iJ(i)) = {./ e dom(H-(t)) : H-{t)f G Sj}. 

Since Sjf is admissible with respect to H{t), one gets that is admissible 
with respect to HjT . The natural embedding operator is given by Jt '■= Ji~ Jt '■ 
Sjf — > Sj^ , we obtain: 

Ui{a)Jtf = JtU+ia)f, fe^t, ^eK, i G M, 

which shows that 

dom{H+{t)) = {/ G dom(if-(t)) : i/-(t)/ G S^f)}- 

Moreover, regarding the operator H{t) as an operator acting from Sj^ into Sj^ , 
one finds that H{t) can be extended to a contraction B[t) acting from iOj^ into 
S)^. Indeed, this follows from the estimate 

mt)f\\i = (5.7) 

\\{H{t) + I)-^'^H(t)f\U < \\H{ty/'f\U < 11/11+ / G dom{H{t)). 
Finally, taking into account (|5.3p - l|5.6p we get the relations: 

[/+(cr)* = C/-(-cr) and [/(-(cr)* = [/+(-cr), (T G M, t G K. 
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5.2 Auxiliary evolution equation 

We consider the Hilbert space 

^:=-^r=o with II • llx II ■ iir=o 
and the auxihary bidirectional evolution equation 

—u{t) + iH-(t)u{t) = (5.8) 
ot 

on R. To apply results from Section 4 we set A{t) = iH^{t), t e R. Obviously, 
{A{t)}ti=]SL is a family of group generators in X. Further, we set 

Y:=f}+^, with ||.||^:=||.||to. (5.9) 

It turns out that the Hilbert space Y ~ SJq is densely and continuous embedded 
into X and admissible with respect to {A{t)}ti£]gi. 

Lemma 5.1 Let {H{t)}t£M be a measurable family of non-negative self-adjoint 
operators defined in a separable Hilbert space such that dom(_ff (t)^/^) is in- 
dependent o/i € R. IfT is a bounded open interval and 

cj := sup c{t, s) < CO, 
(t,s)eixx 

then there are constants Mj and j3x such that {A{ty\tei is a measurable family 
of group generators belonging to G{Mx,Px). 

If the Hilbert space Y is given by (j5.9p and there is a constant 71 > such 
that 

c(i,s) < e^^l*-'l, t,sel, (5.10) 

holds, then the families {A{t)}t^x obey the forward and backward Kato condi- 
tions, respectively. 

Proof. The measurability of the family {A{t)}t^x follows from the equivalence 
of weak and strong measurability, see e.g. [T]. Next, we have 

lle'^^W^IIx = ||e'^^"'*^:E||o- < c{Q,tW"' x\\^ 

< c(0,t)||:z:||r < c{0,t)c{t,0)\\x\\o = c{Q,t)c{t,0)\\x\\x , 

tr e M. Hence, 

||e"^(*)a;||x < Mi||x||x, x € X, aeR, tel, 

where Mj := Cj, which yields that A{t) generates a group of the class Q{Mx, 0). 

If condition (|5.10p is satisfied, then the forward and backward stability of 
{A(t)}tgi follows from ^43, Theorem 4.3.2]. 

To prove the measurability of {A(t)}tgx we note that Y is admissible for 
a.e. tel. Using (|5.2p we obtain that the generator A{t) of the induced group 
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(Definition 13. 5p belongs to G{Mx,0), too. The measurability of the induced 
family {A{t)}ti=i follows from the equivalence of strong and weak measurability. 

The forward and backward stability of {A(t)}ti£x follows again from condition 
((5J0)) and m Theorem 4.3.2]. 

The condition Y C dom{A{t)) for a.e. t g I is obtained from (|5.5p . The 
condition A{-) \ Y e L°°(X, B{Y, X)) follows from ^1^. □ 

Theorem 5.2 Let {H(t)\tesL be a measurable family of non-negative self-ad- 
joint operators defined in a separable Hilbert space 9j such that the domain 
dom(_ff(t)^/^) is independent o/ i G K.. // for any bounded open interval 
X the condition (|5.10p is satisfied, then the auxiliary bidirectional evolution 
problem (|5.8p is well-posed on M for p G (l,C!o) and has a unique solution 
{G^(t, s)}(t sjgRxR obeying the estimate 

||G-(t,s)x||r <e^-(*-^)||x||;, xeS^;, (5.11) 
for all {t, s) <e1 xl. 

Proof. Since Y = SJq is a Hilbert space, all conditions {Ai)-{A3) are satisfied. 
Using Lemma [O] and Theorem ()4.14p one gets that the bidirectional evolution 
equation ()5.8p has a unique solution {G~{t, s)}(t.s)eRxR on R. 

By Corollary 14 . 71 there is a subsequence {nk}k£t>! such that one has 

U^{s + a,s)x = s^ lim e^^"' e^'^"' ^'+^^^ ■ ■ ■ e'^^"' 

k — ^oo 

for each x £ Sj^ and a.e. s £ {a,b ~ a), < a < b — a, where [/j (•,•) := 
G~{-, •) \ Ax- This yields the estimate 

\\U^{s + a,t)x\\;+,<e-<-''\\x\\-, x £ fj- , 

for a.e. s £ {a,b — a), < a < b ~ a. Since Uj{-, •) is strongly continuous, this 
holds for any s £ {a,b — a). Setting t := s -\- a we obtain 

||C/i(i,s)x||r <e^-l*-^l||x||;, x£^t, {t,s)£Ax. (5.12) 

Similarly, using Corollary 14. 1 21 we obtain 

\\V£is ~ a,t)x\\;_, < e-^-\\x\\-, x £ , 

for s £ {a + a,b), > a > b — a, where V£{-, •) :— G^{-, •) \ Vx. Hence one gets 
the inequality: 

\\V^-{t,s)x\\t Ke-^^^'-'^M:, x£f)t, {t,s)£Vx. (5.13) 
Using (|5.12p and (|5.13p we immediately obtain (|5.1ip . □ 
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5.3 Back to the original problem 

Our Theorem 15.21 gives no information about solvability of the bidirectional 
evolution equation (|1.4p on R. This goes back to the fact that in general the 
evolution equation might be not well-posed. In fact, it may happen that the 
cross-sections of the sets 

dom(Xi) := dom(Di) n dom(Hi) = Hl'P{J,Sj) n dom(i7i) 

and ^ 

dom(X^) = dom(D^) n dom(i?i) = H^'P n dom(£ri), 

p € (1,00), are not dense in 9j for intervals X = {a,b) C M. Recall that Hj 
is defined as the multiplication operator induced by the family {i7(i)}tgi in 

To avoid this situation we assume in the following that the bidirectional 
evolution problem (|5.ip is well-posed on R. Naturally, then we face up to the 
question: whether under this condition the evolution equation (|5.ip admits a 
solution on M? 

Lemma 5.3 Let {H(t)}ti£R be a measurable family of non-negative self-adjoint 
operators defined in the separable Hilbert space such that dom(i7(i)^/^) is 
independent of t Cz R. If for any bounded open interval! the condition (|5.10p 
is satisfied, then there is a unitary bidirectional propagator {G(i, s)}(t ,5)gR2 on 
Sj, such that 

J(7G(<,s) = G-{t,s)J^, {t,s) e R2. (5.14) 
Moreover, there is a bidirectional propagator {G^(f, s)}(t_s)gR2 on , such that 

JoG+{t,s) = G-{t,s)Jo, (i,s)eR2 (5.15) 

and 

J+G+{t,s) = G{t,s)J+, {t,s) e R^. (5.16) 

Proof. Let J+ := Jq , J~ :— Jq and J := Jq. We consider the forward case. 
Let I = (a, b) be a bounded open interval of R and let < a < b — a. By 
Corollary 14. 71 we get that 



U {■+a,-)J xq = 

n— i-oo 

X(j :— (a, b — a), for each xq G S). Since 



for a.e. s e and since {e-'^^(-+'^'^)e-*^^(-+'^'^) • • • e-^^^(-)}„eN is 
bounded in L^(Xo-,^), we obtain that the weak limit 

U{-+a,-)xo:=w''''^^''^ lim e-^^^(-+"^'^)e-^^(-+"^'^) • • • e'^^^^'^xo 

n^oo 
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exists for each xq G S) and for each cr S (0, 6 — a). Hence, we obtain 

J^U{s + a, s)xq = U^{s + a, s)J^xo 

for a.e. s £ 1^, tr e (0, 5 — a) and any xq S Sj. We note that 

||;7(s + cr, s)a;o||i5 < \\xo\\f, 

for a.e. s G Ta and cr € (0, 6 — a), € i^. Taking into account that the propa- 
gator {U~{t, s)}(t s)gAx is strongly continuous, one gets that {U{t, s)(t is 
a weakly continuous family of contractions obeying 

J-U{t,s)xo = U-{t,s)J-xa (5.17) 

for any (t, s) G Aj and for each xq G ^. Similarly one proves that there is a 
weakly continuous family of contractions {V(t, s)}(t_s)gVx such that 

J-V{t, s)xo = V-{t, s)J-xo (5.18) 

holds for {t,s) G Vj and xq G i^. Setting G{t,s) := U{t,s), {t,s) G Ai, and 
G{t,s) := F(t, s), (t, s) G Vx, and taking into account that T is arbitrary, we 
obtain a weakly continuous family {G{t, s)}(t,s)eMy.M of contractions obeying 

G{t,s) ^ G{s,t)-\ (i,s)GKxR. 

Since for (f, s) G K x R and any xo G f) one has 

\\xo\\f, = \\G{s,t)G{t,s)xQ\\s^ < \\G{t,s)xQ\\f, < \\xo\\f„ 

\\G{t, s)xo\\fj — ||xo||fi, which shows that {G(i, s)}(t,s)GRxE is a weakly con- 
tinuous family of unitary operators. However, this immediately yields that 
{G'(i, s)}(t s)gRxR is in fact a strongly continuous family of unitary operators 
obeying 

.rG{t,s) ^G-{t,s)J- , (t,s)GKxM, (5.19) 

which yields that {G(t, s)}(t^s)gKxR is a unitary propagator. 
Now we put 

V+{s,t):^U-{t,s)\ (i,s)GAK, and U+ {s,t) -.^ {t, s)\ (t,s)GVR, 
as well as 

G+(s,t) := G-(t,s)*, (i,s)GK2. 

Then one can easily verify that {G+(t, s)}(j g^gjxi is weakly continuous prop- 
agator for any bounded interval I. Taking into account (|5.1ip and (I5.12p we 
obtain 

\\V+{s,t)y\\t <e-^('-^)\\y\\t, y & S^t , 

and 

\\U+it,s)y\\+ <e''<^'-^^\\y\\t, 2/ G .^+, 
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for s < t. Using the scalar product {f,g)t '■= (^/^^(s) + //, \/H{s) + Ig), 
/,5 e D+, we get: 

(II s)y - y\\t f = {\\U+{t, s)v\\tf + {\\v\\t? 25Re([/+(i, s)v, y) + 

Now, using (|5.1ip we find 

\\U+{t,s)y\\t < e^('-^^\\U+{t,s)yU < e"'^'-'^\\y\\t , 

which impHes 

(||C/+(i, s)y y\\tf < e*''^'-^H\\y\\tr + {Mtf 25Re([/+(<, s)y, y)t . 

By the weak continuity of the forward propagator {U~^{t, s)}(t,s)GAK we obtain 
hmt^s+o U+{t, s) = I. Hence, hmt^^+o \\U+{t, s)y - y\\+ = for each y G Sjf. 
Since the norms || • ||^ and || • ||^ are equivalent, we find limt_+s+o \\U^{t, s)y — 
j/IIq = for each y £Y = Sj^ . Similarly we prove hmt^s_o 11^^ (^j ''')y^y\\o = 
for each y gY = SJq. Using the representation: 

G+{t,s) = G+{t,0)G+{0,s) , 

where 

^ ' \V+it,0), t<0, ^ ' ^ \f/+(0,s), s<0, 

one proves the strong continuity of the famihes: {G+(t, 0)}(tgR and 
{C?"'"(0, s)}sgR, which yields the strong continuity of {G~^(t, s)}(t.s)eR2- 
Finally, by (J^)* = and J ~ J^J^ we find the equation 

J+G+is,t) = G{s,t)J+, (s,<)eMxM, 

which by virtue of (|5.19p proves (|5.16p . Hence we get that 

JG+{s,t) = J-J+G+{s,t) = 

J-G{s,t)J+ = G-{s,t)J-J+ ^ G-{s,t)J, {s,t) e K X M, 

which proves (|5.15p . □ 
Now it is useful to introduce the following definition. 

Definition 5.4 Let {G'(i, s)}((_s)gKxK be a bidirectional propagator in a sepa- 
rable Banach space X and let y be a separable Banach space, which is densely 
and continuously embedded into X . The Banach space Y is called admissible 
with respect to the family {G{t, s)}(j .jj^rxr if there is a bidirectional propagator 

{G(i, s)}(t, s)eRxR in Y such that 

Git,s)J = JG{t,s), (i,s)eRxR, (5.20) 
holds where J is the embedding operator of Y into X. 
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The following theorem generalizes Theorem 8.1 of [H]. Our proof is quite inde- 
pendent from the that in [24] . 

Theorem 5.5 Let {H{t)}t<£R be a measurable family of non-negative self-ad- 
joint operators defined in the separable Hilbert space such that dom(i?(i)^/^) 
is independent of t Cz If the bidirectional evolution equation (|5.ip is well- 
posed on R for some p € (l,c») and the condition (|5.10p is satisfied for any 
bounded open interval, then the bidirectional evolution equation (15. ip admits 
on M. a unitary solution {G{t, s)}(^t.s)eRxR for which the Hilbert space SJq is 
admissible. Moreover, if for any bounded open interval! ~ (a.b) the sets 

Hl^P{I,f}+)ndom{Hj) and Hl"'{I,f}+)ndom{Hj), p G (1, c3o), (5.21) 

are dense in HI'P(2, SJq) and H^'^{I,S)q), respectively, then there is only one 
unitary solution for which the Hilbert space S)^ is admissible. 

Proof. We have to show that the evolution operator Kj, 

Kif = Di + iHif, f e dom(/?i) = dom(i^j) n dom(i?j), 

which is associated with the forward evolution equation (|5.1I) . can be extended 
to a forward generator. Let be evolution operator: 

KjQ = Djg + iHxg, g £ doni{Kj^) = dom{Dj) n dom{Hj), 

associated with (|5.8p . where Dj- is the anti- generator of the right-shift semigroup 
in LP{I, SJq), and let Hj be multiplication operator induced by {H^ {t)}tei- By 
J' we denote the embedding operator of LP{1,^)), p £ (l,oo), into LP{1,SJq), 
defined as: 

{j-fm^j-f{t), f£LP{i,^) 

where J~ := . One can easily verify that j7'^dom(_ft'i) C dom{Kj) and 

K^J-f = J-Kif, f e dom{Kx). 

By Theorem l5.2l the forward evolution equation (|5.8p is uniquely solvable. This 
means that the operator Kj admits only one extension Kj , which is a forward 
generator. In fact, it has been already proven that the closure of Kj coincides 
with Kj-. 

By Lemma [5.31 there is a forward generator s)}(t,s)eAz: Uxit,s) := 

G{t,s) \ Ai obeying ([sm]) . By the relation 

(e-"^-/)(t) - Uxit, t - <j)xT{t - a) fit ~ a), f G L^il, 9)), 

one defines a forward generator Kj in U'{X,fy). Obviously, we have 

e—KTj-f^j-e~-K^J, feLPil,^)). 
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Hence 

J^dom(Xi) C doiJi{Kj) 

and 

KjJ-f^ J-Kjf, f e dom(Xi). 

Notice that 

Jo 

Then choosing g — j ■, f G dom{Kj), we obtain 

Jo 

which yields 

e-"^"/ ^f-fdr e-^^-Xi/, / G dom(i^i). 
Jo 

Therefore, C Kj, which shows that {?7i(i, s)}(j ^jg^z is a sohition of the 
forward evolution equation (|5.ip on X. The same procedure can be applied to 
the backward evolution equation (|5.ip on X. Hence the unitary bidirectional 
propagator {G'(i, s)}(f jj^txr defined by (|5.14p is, in fact, a solution of the 
bidirectional evolution equation (|5.1[) on M. 

Assume now that s)}(f^-)g][jxR is another unitary solution of the bidi- 

rectional evolution equation (|5.ip such that Hilbert space is admissible with 
respect to {^(t, s)}(f.s)eRxR- Then from 

J+Z(i,,s) = Z(i,s)J+, (t, s)eRxR, 

we obtain 

Z{t, sfj- = J-Z{t, s)*, (t, s) G R X M, 

where it is used that J- = (J+)*. We set Z-{t,s) := Z{s,t)*, {t,s) € M x R. 
Since s)}(t jJ^rxr is unitary, we have Z{t,s) ~ Z{s,t)*. By this we find 

Z-{t, s)J- = J-Z{t, s), (t, s) e M X R. 

Since {Z{t, s)}i^t,s)mxw and {Z+{t, s)}(t^s)eRxR are bidirectional propagators in 
Sj and Sj'^, respectively, one easily gets that {Z~{t, s)}(^t,s)eMxm. is a bidirectional 
propagator in Sjq . For any bounded interval X in R a forward generator Lj 
corresponds to the forward propagator {Zj{t, s)}(t,s)eAxj •= \ 

X X X by relation: 

(e-^^^/)(<) :=Z^(i,t-a)xi(t-fT)/(t-(7), t G X, / G L^(X, i^o"). 
It is obvious that 

e~''^^J-=J-e-''^^, cr>0. 
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where Lj denotes the forward generator, which corresponds to 
{Zi(t,s)}(t,,)gAx, Zi{t-,-) := \ Aj. Hence, J-dom(Li) C dom(L^) 

and 

LjJ-f = J-Ljf, f e dom(i^i). 
Since Lj is an extension of Kj^ we obtain 

LjJ-f = J-Kif, f e dom(i^i), 

which shows that Lj is an extension of Lj- := Lj \ J^^dom{Ki). Since 

KjJ-f = J-Kjf, f e dom(i^i). 

holds one gets that Kj is also an extension of Lj. Since the intersec- 
tion Hl'P{I,^^) n dom{Hx), cf. (fOT]) . is dense in the domain 
dom(Zj) of the closure Lj of Lj contains H^'P(X, Sj^). By Remark 13.91 the set 
HI'P{X,SJq) is a core of iiTj , which shows that Kj — Lj. Hence Lj — Kj , 
which yields Zj{t, s) = Uj{t, s), {t, s) G Ax, for any bounded interval X of M. 
The same can be proven for the backward evolution equation, which ensures 
that the bidirectional evolution (|5.ip admits only one solution for which the 
Hilbert space 9)^ is admissible. □ 



6 Examples 

6.1 Point interactions with varying coupling constant 

We consider a family {H{t)}teM of self-adjoint operators associated in the 
Hilbert space = L^(R) with the sesquilinear forms 

f)t[/,5]:= (6.1) 

where f,ge dom(()t) := i7^'^(R), 1 < < oo. We assume that 

m(x) > 0, —+me L°°(R), and V G i°°(R) 
m 

Xj G M, j = 1, 2, . . . , A^, and that the coupling constants : M — > R+ are 

measurable functions. The family {H{t)}t£M is uniformly semiboundcd from 
below. Indeed, we have 

-ffW > -|l"t^llL-(R), teR. 

Therefore, without loss of generality we assume that V{x) > for a.e. a; G R, 
which yields that {H(t)}ti£R is a family of non-negative self-adjoint operators. 
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Moreover, one can easily verify that {H{t)}t£R is a measurable family of self- 
adjoint operators. For finite N the domain dom(ff(<)) admits an explicit de- 
scription. Indeed, in this case the operators H{t) are given by the sum of 
operators in the form-sense (|6.ip : 



j = l 

with domain defined by 

dom{H{t)) := (6.2) 
i,/'ei7i.2(M\Uf^i{x,}), 
/ e H'^\R) : (^/') (x, - 0) - (^/') (:z:, + 0) = ^At)fi^j), 
J = 1,2,...,N <oo 

for t G X. In the following we assume {convergence condition) that 

N 

sup VKj(t) < c», l<N<oo, (6.3) 



for each bounded subinterval X C M. Furthermore, we assume {continuity con- 
dition) that for each bounded subinterval X C M there is a constant Cx > 
such that 

N 

J2\K,{t)-K,{s)\<CT\t-s\, t,sel. (6.4) 
i=i 

Since £>+ := dom{H{t)^/'^) = dom(f)t) = i/^'^^R) independent of i G M, 
Theorem 15.21 is applicable in this case: the auxiliary bidirectional evolution 
equation (|5.8p admits a unique solution, if the estimate (|5.10p is satisfied for 
each bounded subinterval X C R. 

To show this it is sufficient to verify that the estimate 

\\VH{t)+If\\<e'-\*-'\\\^H{s)+If\\, f,ge^+ (6.5) 
holds for any t, s G X. Indeed, one obviously has 

\f{xj)\^^2diey ' f{x)J{x)dxY feH^'^R), j G 1, 2, . . . , iV, 

which yields 

|/(x,)P< / {|/'(x)p + |/(x)p}dx, j = l,2,...,iV. (6.6) 
Jr 

Hence 



\f{xj)\^<ma^{l,2\\m\\L^}\\^H{.s)+Iff, j = 1, 2, . . . , TV. (6.7) 
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Therefore, we have 

N 



and consequently, by ()6.6p we obtain: 

\WH{t)+Iff \\VH{s)+If\f\ < 



N 



Using (16. 4p we get 

\\vwt)Tifr-WHis)+ifr <27iit-si \\y/H{s)+ifr m 



for t, s € I, where 



7x := iCxmax{l,2||rn||Loo}. 



From (16.811 it foUows that 



\\VH{t)+If\\ < ^l + 2jj\t-s\ \WH{s)+If\\ , 

which yields 



II VH{t)+If\\ < (1 + 71 |t - s\) II V^(s)+//|| , 

for t,s <eX. Since 1 + 71 |i — s| < e'*"^'*"*', for any t,s & X, we obtain (|6.5p . 

Then by Theorem 15.51 the original bidirectional evolution equation (|5.ip 
admits a solution for which the Hilbert space is admissible. It is more 

complicated to solve the problem whether this solution of the original problem 
is unique. To this end one has to verify the additional condition (j5.2ip of 
Theorem l5.5l This condition is satisfied if the sets {I + Hj)^^ H^''^ {I , Sj) and (J+ 



Hx)~^Hl'^{J,f)) are dense in HI'^{J,S)q) and i^Q ), for any bounded 

interval 2 — (a, 6), respectively. 

To prove this we introduce linear operators Cj : L^(M) — > C defined by 

C,f ■.= iiI + H{0))-'^'f){x,), feL^iR), j = l,2,...,N. 

Using the estimate (|6.7p we find |Cj/| < C||/||l2(r), where C is given by C 
max{l, 2||77i||loo}. Setting Bj := C*Cj we obtain the representation 

(/ + H{t))-^ = {I + H{{)))-^'^R{t){I + i/(0))-i/2 ^ i g K ^ 

where ^ 

R{t):=\l + Yl^K,{t)B\ , <eM. 
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Since the coupling constants are locally Lipschitz continuous, see (|6.4p . we get 
that R{t)x e X G 9), for any bounded open interval ICR. Hence, 

R{t)f{t) e Hy{I,S)) for / e Hy{I,Sj) and any bounded open interval J C R. 
Hence we get (J + H{t))-^f{t) € Hy{J,^]+) for / e Hl''^{I,f)) and X C M. 
Now we show that the set of elements {I + H{t))~^ f{t), f g 7J^'^(J, i]), is dense 
in i?j['^(J, ). Note that the standard norm of ) is equivalent to 

the norm ^ 

= (^JjVl + H{0)f'{t)\\l d?j . 

If the elements {I + H {t))-^ f {t) , / e Hy{I,Sj), are not dense in 55+), 
then there is an element g e such that 

{Vl + H{0) ((/ + J/(0))-^/^i?W(/ + H{0)y'^''f{t)y , ^I + HiO)g'{t)) dt = 

for any / € H^'^{T,S}). Hence we obtain 



{R'{t){I + H{0))-'/'f{t) + R{t){I + H{0))-^/'f(t), ^I + HiO)g'{t))dt = . 

Setting h{t) := {I + H{{)))-^/^ f{t) e HyiJ,Sj+) and k{t) := ^I + H{0)g'{t) G 
L'^{I,Sj) we find that 

{R'{t)h{t) + R{t)h'{t), k{t))dt = (6.9) 

for any h S H^''^{I,f)^). Since iJ^'^(X, i3(j") is dense in _ff^'^(X, ^) one gets that 
dnH) holds for any e Hy{I,f)). From (HH) we obtain 

{h'{t),R{t)k{t))dt^ - I {h{t),R'{t)k{t))dt 



for any /i G H^-^{I,^)), which yields z(i) R{t)k{t) G hI'\I,S)) and 

^Rit)kit) - R'{t)k(t) = (6.10) 
at 

for a.e. t £ 2. From the representation 

k{t)= (^I + J2K,{t)B}j z{t) 

and condition p.4p we obtain that fc(t) G H^'^{2,Sj). Taking into account this 
last observation we get from (|6.10p that R{t)k'{t) = for a.e t E T. Since 
ker{R{t)) = {0} for t G I, we find that k'{t) — 0, which implies k{t) = const. 
But since k{b) = 0, we get k{t) — ior t G T. Hence g'{t) — ior t E I, which 
yields g{t) = for i G X. Consequently, the set (/ + iJi)~^iJ^'^(I, ^) is dense 
in H^'^{T, ijfj") for any bounded open interval T — (a, b). 
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Similarly, one proves that the set (/ + Hx) ^hI'^{2,Sj) is dense in 
hI'^{I, for any bounded open interval 2 = (a, b). 

Taking into account the second part of Theorem 15.51 one finds that there is 
a unique solution of the original problem (|5.ip such that SJq is admissible. 

Therefore, summing up this line of reasoning we obtain the proof of the 
following theorem: 

Theorem 6.1 Let < V e L°°{S.), m > and 1/m + m e L°°(R). Further, 
let {xj}j^fi be a (infinite) sequence of real numbers which are mutually different 
and let Kj{-) : R — > R+ be non-negative locally Lipschitz continuous functions. 
Moreover, let be a family of non-negative self-adjoint Schrddinger 

operators associated with the sesquilinear forms (j6.ip . If the conditions (j6.3p 
and (I6.4p are satisfied, then the bidirectional evolution equation (j5.ip is well- 
posed on R for p — 2 and possesses a unique solution {G{t, s)}(^t,s)£RxR such 
that H^''^{M.) is admissible. 

A similar problem was treated in three dimensions by [41] for the case of finite 
point interactions and m{x) = const. In contrast to Theorem 16.11 their results 
concern the case of coupling constants Kj (t) which are twice continuously differ- 
entiable, cf. [41[ Theorem 1]. In this case the bidirectional evolution equation 
is verified in the strong sense. Moreover, only the existence of a bidirectional 
propagator was established under the weaker assumption that the coupling con- 
stants K,j{t) are locally L°°-function, cf. [HI Theorem 2]. The first results was 
improved in [S], where the smoothness of the coupling constants was reduced 
to a certain Holder continuity. However, it seems to be difficult to extend the 
technique used [5l I41j to the case of an infinite number of point interactions and 
to a non-smooth position dependent effective mass m. 

In conclusion we would like to remark that Theorem 16 . II covers rather bizarre 
situations. For instance, let {ccjjjgN be an enumeration of the rational numbers 
Q and let {nj{t)} be a sequence of coupling constants such that conditions (|6.3p 
and (|6.4p are satisfied. Moreover, let us assume that for any i e R the values 
K,j{t) are pairwise different. In this case one has Htgi dom(_ff (i)) = {0} for any 
bounded open interval X C R. Nevertheless, the sets {I + Hi)-^Hl^'^{l,S)) and 
(I + Hi)-^Hl'^{I,Sj) are dense in Hl^^{I,Sj^) and Hl'^{I,Sj^), respectively ! 



6.2 Moving potentials 

In this section we consider an example, which is more involved than that we 
studied above. Here we consider the Hamiltonian of two moving point particles: 

1 d^ 

H(t) = 4- Kl{t)5{x - Xl{t)) + K2{t)6{x - X2{t)), (6.11) 

which domain is described by 

dom(i7(t)) := (6.12) 

f eH^-HR\{x^{t),X2{t)}), \ 
/ei/i^2(R): {f'/2){x^{t)-Q)-{f'/2){x^{t) + Q) = n,{t)f{x,{t)), ) 
(/V2) {X2{t) - 0) - (/72) {X2{t) + 0) = n2{t)f{x2{t)). J 



40 



in the Hilbert space L^(M). In the following we assume that Kj{-) : M — > 
are continuous differentiable functions. Moreover, we suppose that 

xi{t)<x2it) (6.13) 

for t G M. The sesquihnear form associated with H{t) is given by 

]^jj'{x)J(x)dx + Ki{t)f{xi{t))g{xi{t)) + n2{t)f{x2{t))g{x2{t)), 

f,gG dom(f)t) :— Notice that the sesquihnear form f)t is non-negative. 

To handle this case we start with some formal manipulations. Using the 
momentum operator P, 

Pf^- ^f{x), f e dom(P) i/i-2(M), 
I ox 

we get the representation 

t)t[f,g] = ^{Pf,Pg) + K,{t)f{xAt))W^ + ^2(t)f{x2{t))'^{M^, 

f,gE i7^'^(K). The momentum operator generates the right-shift group S{t) := 
e~"^ ^ r e R, acting as 

(5(t)/)(x) =/(x-t), feL\R), TGM. 

Obviously, one has that 

S{T)-^H{t)S{T) = + Kl{t)5{x - Xl{t) +t)+ K2{t)6{x - X2{t) + t) . 

In particular, for y{t) :— ^{xi{t) + X2{t)) we obtain: 

H^{t) ■.^S{y{t))-'H{t)S{y{t))^ 

e^yWPH{t)e-'y'^'^'' = + Ki{t)6{x + x{t)) + K2{t)6{x - x{t)) , 

where the relative coordinate obeys 

x{t) ,^ -^(i) --dt) ^ ^^^^ 

by (|6.13p . Further, we define the unitary transformations W(9) : P^(]R) — > 
L^{R)), 6* > 0, 

W{e)f){x) VeJiOx), f e L^{R). 
Let X be multiplication operator (Xf) := xf{x) in i^(M). Then 

L=^iXP + PX) 
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is a so-called dilation operator, which is self-adjoint in L^(M). The operator iL 
generates dilation group given by 

Then we obviously get W{9) = e*i"(«)^, 6* > and 

-1 TjS, 



W{0yH''{t)W{9) = 
2 dx 



- — 312 + + ff^it)) + K2it)0S{x - Ox(t)) . 



If we set 9 = l/x{t), then 
H^^{t) := W{l/x{t)y^ H'^ {t)W{l/x{t)) = 

g^ln(x(t))L^S(^)g-,ln(.(t))L ^ -1— + ^^(^t)S{x + 1) + X2it)S{x - 1) , 

2x[t)^ 

where 

Relation between this Hamiltonian and (|6.1ip has the form: 

Now we introduce in the Hilbert space L'^{M.,Sj), :— L^(M), the operator 
{Df)it,x) = fi {t,x), domp) ■.= H'^\R,Sj). 



The multiplication operator S :— M{S{y{t))), y{t) = -f X2(t)) (i.e., 

{Sf){t, x) :— {S{y{t))f){t, x) — f{t, x — y{t)), see (|2.1I) ). defines a unitary oper- 
ator on L^(M,^), and we have that 

-.^S-^D S = D-y{t)P. 

Similarly, the multiphcation operator W :— AI{W{l/x{t))), x{t) — \{x2{t) — 
xi{t)), induces a unitary operator on L^(M,i^). We set 

jjsw _ w~'^D^W. 

Since the multiplication operator W — M(e~*'"*^^''*-'-'^), by the commutation 
relation LP — PL = iP one gets that 

x{t) x{t) 

Now we set 
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and 



with domain doin{K'^^) := dom{D'^^) n dom(i7'5^). Then a straightforward 
computation gives that this operator is equal to 

i^^^ :^D + Lo 

with domain dom(iir'^^) = dom{D) n dom(Lo)7 where 

'-^ ^^(P-x(i)(i(t)X + y(t))2-i(i(t)X + j/(t))2 
+>ci{t)5{x + 1) + >C2{t)5{x - 1) . 
Finally, let us introduce the gauge transformation 

{T{t)f){x) e'/o((*('')^+2>(''))'+^')''''/2/(a;)^ / g L^(JR)^ 

which induces the multiplication operator F := Af(F(t)) on L^{T,Sj). Then we 
find 

K:=K^^^ ■.= T-'K^'^r = D + L, 

where operator 

^ :iP + f3iit)X + /3o(t))' + + >t^{t)5{x + 1) + >t2{mx - 1) 



with 



and 



/3o(i) := / v{s)x{s)ds-x{t)y{t). 



As above the family {L(i)}tgR, is measurable and defines a densely defined self- 
adjoint multiplication operator L :— M{L{t)) on L^{T,Sj). Then the operators 
K := D + H and K = D + £ are related by 

K ^ SWTKT-'^W-'^ S-^ (6.14) 



Instead to solve the bidirectional evolution equation (|5.ip we consider the 
modified bidirectional evolution equation 

1 d 

- —u{t) + L{t)u{t) ^ 0. (6.15) 
i at 

Following Section 5 we introduce the family of quadratic forms [t[-, ■] 

W.g] - ^^(P/ + /3i(t)X/ + /3o(t)/,P/ + /3i(t)X5 + /3o(i)5) + 
1 



-{Xf.Xg) + ^,{t)f{-l)g{-l) + X2{t)f(l)9{l) + {f,g), 
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G dom(lt) := doni(P)ndom(X) corresponding to operators L{t), and define 
the norm 

11/11+ ||/L(^y+//ll = VWJl+W, 

f e doni{ y/ L{t) + 1) = dom([4) = dom(P) n doni(X). It is easy to check that 
the domain dom(lt) is independent of i G M. By £+ we denote the Hilbert 
space, which arises when we endow the domain dom(lt) with the scalar product 
{f,g)t k[f,g] + {f,g)- Note that the norm || • ||+ is equivalent to the norm 
\\f\\px = ^/WTW+Wf¥, f G dom(P) n dom(X). 

Now we proceed as in the previous section. First we find 

+ ^^e{Pf + Piit)Xf + Po{t)fJi{t)Xf + /3o(<)/) 

+Mt)\fi~i)\' + k,{t)\f 

A straightforward computation shows that for any bounded interval X there is 
a constant 71 such that 

<27i(ll/ll^)' 
for t E T which yields 

-7x<|ln(||/|| + )<7i. 
Hence we obtain the estimate: 

-7i(i - ^) < ln(||/||^) - ln(||/||^) < 7x(i - 
for t,s E T and s < t, which yields 

11/11+ <e7x(t-.)||J||+ ^^^^^^ 

The last relation implies (|5.10p . By virtue of Theorem 15.21 we get that the 
auxiliary bidirectional evolution equation 

d 

—u[t) + iL- {t)u{t) = 

admits a unique solution {hr {t^ gjggxR on M. By Theorem 15 . 5 1 the original 
bidirectional evolution equation (j6.15[) admits a solution for which the Hilbert 
space is admissible. By the same line of reasoning as for non-moving point 
interactions one can prove that there is unique unitary solution {A(t, s)}(i_s)eRxR 
of the bidirectional evolution equation (|6.15p for which Z'^ is admissible. 

These results allow to prove that the original forward evolution equation (|5.8p 
on R admits a solution. To this end one has to verify that for any bounded in- 
terval T the extension of the forward generator Kj of Ki defines an extension 



^(11/11^^ 
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of the forward generator Kx of Ki defined hy Kx := S W T Kx T"! S-\ 
However, this is evident since it foUows form the representation (|6.14[) . Sim- 
ilarly, one proves that for any bounded interval X the backward generator 
extension K.^ of K.^ defines a backward generator extension of K-'- by 
■= S W T S~^. By these we immediately obtain that 

the bidirectional propagator {G(t, s)}(t ^jgRxR defined by 

G(t, s) ■= e-*2^(*)^e-^''^(^(*»^r(t)A(t, s)r(s)-ie''"(^(''»^e*^(")-f', (6.16) 

for any (t, s) G M x R, is a solution of the bidirectional evolution equation (|5.ip . 

It remains only to identify the subspace which is admissible with respect to 
\G(t, s)}(t_s)gRxR- We recall that ilj is the subspace which is admissible with 
respect to {A(t, s)}(t^s)gRxR- If we set 

then a straightforward computation shows that 

H^{t) := ^^[P ^ x(t)i{t)X - x{i)y(t)f ^ 

^X^ + Hi{t){t)S{x + 1) + X2{t)S{x - 1). 

Further, setting 

H^^{t) e-*'"(^(*»^r(i)L(i)r(t)-ie''"(=^(*»^ 

we find that 

ijrw(^) = -iP-^^X-y{t)f + ^X' + n^m^ + m) + ^2m^~m)- 
Finally, we introduce the family: 

which implies 

^^{X - y{t)f + ni{t)5{x - xi{t)) + K2{t)6{x - X2{t)). 

For a shorthand let Z{t) := H^^^{t). Then quadratic form associated with 
Z{t) we denote by One can easily verify that the domain dom(3t) is 

independent of t G R. The Hilbert space which is associated with 3^ is denoted 
by 3t^- A straightforward computation shows that for any i G R the Hilbert 
space St" can be identified with ijpx := {dom(P) n dom(X), || • ||px}- It is ob- 
vious, that the Hilbert space Sjpx is admissible for the bidirectional propagator 
{G{t, s)}(t 5)gR defined by (|6.16|) . Summing up one gets the following theorem: 
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Theorem 6.2 Let Kj{-) : K — > M+ and Xj{-) : R — > M be continuously 
differ entiahle functions. Further, let {H[t)}t£R be the family of non-negative 
self-adjoint operators given by (|6.1ip and (|6.12p . // the condition (j6.13p is 
satisfied for any t € R, t/ien the bidirectional evolution equation (|5.ip is weH- 
posed on R /or p = 2 and possesses a unique unitary solution for which the 
Hilbert space S)px is admissible. 
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